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Abstract
A filter F of positive-primitive formulae may be used to give a right R-module MR the structure
MF of a topological abelian group. The topology is called a finite matrix topology if every finite
matrix subgroup of MR is closed in MF . It is shown that the pure-injective envelope is functorial on
the subcategory of modules for which MF is dense in its pure-injective envelope.
We call a right R-module almost pure-injective if there is a filter F with respect to which the
topological abelian group MF is dense in its pure-injective envelope [PE(M)]F . In that case, every
R-endomorphism of PE(MR) is determined by its restriction to MR . When M = RR , this gives the
pure-injective envelope PE(RR) a ring structure extending that of R, and the proof of this result
suggests that this ring is the pure variation of the ring of quotients of a nonsingular ring.
 2004 Published by Elsevier Inc.
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Let A be a commutative noetherian ring. Warfield showed [13] that the pure-injective
envelope of a finitely generated A-module MA is the completion M with respect to the
linear topology whose fundamental system of open neighborhoods of 0 is given by sub-
modules of the form MI where I ⊆ A is an ideal for which A/I is artinian. This implies
the rare phenomenon, that the rule which associates to a finitely generated A-module MA
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158 I. Herzog / Journal of Algebra 282 (2004) 157–171its pure-injective envelope PE(MA) is functorial. In this article, we assume that R is an
associative, not necessarily commutative, ring with identity, and we identify conditions on
a subcategory D ⊆ Mod-R of right R-modules under which the pure-injective envelope is
functorial on D.
Let F be a filter of positive-primitive formulae in the language L(R) of right R-
modules. Such a filter induces on a right R-module MR the structure of a topological
abelian group MF , whose fundamental system of open neighborhoods of 0 is given by the
corresponding filter of finite matrix subgroups
{
ϕ(M): ϕ ∈F}.
This topology is called the F -topology on MR and we say that it is a finite matrix topology
if every finite matrix subgroup ψ(MR) ⊆ M is closed in MF . We prove that the category of
right R-modules MR for which the topology on MF is a finite matrix topology is closed un-
der direct products, pure submodules and pure-injective envelopes. A right R-module MR
for which the topology on MF is a finite matrix topology is called F -dense if MF is dense
in [PE(M)]F . It is observed (Theorem 13) that the rule MR → PE(M) is functorial when
restricted to the subcategory DF of F -dense modules. In that case, the pure-injective en-
velope of MR is isomorphic (Proposition 11) to the projective limit lim← M/ϕ(M), indexed
by the filter, ϕ ∈F .
The main noncommutative example of this phenomenon is when R = W is a Gener-
alized Weyl Algebra [1] over an algebraically closed field k of characteristic zero, and
σ(H) = H − 1. Then W is an Ore domain with field of fractions Q. The filter F =FW is
chosen to consist of all positive-primitive formulae ϕ for which ϕ(Q) = Q. Using re-
sults of Bavula [1] and Prest and Puninski [10], we note that every finite length right
module over W is F -dense. If, in addition, the GWA W is hereditary, as is the case
with the First Weyl Algebra A1(k), then every finitely generated right W -module is F -
dense.
A right R-module MR is called almost pure-injective if there is a filter F of positive-
primitive formulae for which it is F -dense. Any endomorphism of the pure-injective
envelope PE(MR) of such a module is completely determined by its restriction to MR .
Of particular interest is the case when the ring R, considered as a right module over itself
is almost pure-injective. Examples of such rings are almost maximal valuation rings with-
out socle, right noetherian left FBN rings and domains of left Krull dimension 1. In that
case, the functorial nature of the pure-injective envelope is used to endow (Theorem 17)
the pure-injective envelope PE(RR) with a ring structure extending that of R. The proof
of Theorem 17 seems to indicate that this ring structure is the pure analogue of the ring of
quotients of a nonsingular ring.
Throughout the article, R will be an associative ring with identity. The category of right
R-modules is denoted by Mod-R. The language used for the model theory of right R-
modules is L(R) = (+,−,0, r)r∈R, where + is a binary function symbol, − is a unary
function symbol, 0 is a constant symbol and for every element r ∈ R, there is a unary
function symbol, also denoted by r .
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equation
v1r1 + v2r2 + · · · + vnrn .= 0
with coefficients in the ring R acting on the right. A finite system of such linear equations is
expressible in the languageL(R) as a finite conjunction of linear equations. For example, if
B = (rij ) is an m×n matrix and v = (v1, . . . , vm), then, as in linear algebra, we abbreviate
by vB .= 0 the conjunction
n∧
j=1
v1r1j + v2r2j + · · · + vmrmj .= 0.
Let us partition the free variables of a system of linear equations
α(v,w) := vB + wC .= 0.
This is just a system of linear equations with matrix of coefficients (B
C
)
whose variables
have been partitioned into two disjoint sets (v,w) := (v1, . . . , vm,w1, . . . ,wk). The matrix
B is m×n; C is a k ×n matrix. A positive-primitive formula ϕ(v) in the language L(R) is
nothing more than an existentially quantified system of linear equations. It has the general
form
ϕ(v) = ∃w α(v,w) = ∃w (vB + wC .= 0).
Given a right R-module MR , we may consider the set of solutions a := (a1, . . . , am) ∈ Mm
to the positive-primitive formula ϕ(v). This subset forms a subgroup of Mm and is denoted
by
ϕ(M) := {a ∈ Mm: M |= ϕ(a)}.
Thus a ∈ ϕ(M) whenever there is a k-tuple b with entries in M such that aB + bC .= 0.
Such a subgroup goes by many names [6,9,11,12]; we will call it the m-ary finite matrix
subgroup of M , defined by ϕ(v).
Proposition 1 (cf. [9, Corollary 2.2.i]). Let ϕ(v) be a positive-primitive formula in one
variable in the language L(R). If f :MR → NR is a morphism of right R-modules, then
f [ϕ(M)] ⊆ ϕ(N). Thus
f−1
[
ϕ(N)
]⊇ ϕ(M).
Nothing in the sequel will depend on the next observation. It only serves to describe a
situation that we want to emulate.
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compact Hausdorff, then for every natural number n and every positive-primitive formula
ϕ(v1, . . . , vn) in n variables, the n-ary finite matrix subgroup ϕ(M) of M is a closed subset
of Mn.
Proof. Let B be an m×n matrix with coefficients in R, and consider the positive-primitive
formula ϕ(v1, . . . , vm) = vB .= 0. The m-ary finite matrix subgroup ϕ(M) = B−1({0}) is
the preimage under a continuous map of the closed set {0}. It is thus closed, hence compact.
An arbitrary finite matrix subgroup is gotten by projecting onto certain of the coordinates a
finite matrix subgroup defined by a quantifier-free positive-primitive formula such as ϕ(v).
But a projection morphism is continuous and so preserves compact sets. 
Let ϕ(v) and ψ(v) be positive-primitive formulae in the same variable. It is standard
practice to identify ϕ and ψ if for every right R-module MR equality of the correspond-
ing finite matrix subgroups holds, ϕ(M) = ψ(M). Modulo this identification, the set of
positive-primitive formulae in one variable may be partially ordered: let ψ  ϕ if for every
left R-module, the inclusion ψ(M) ⊆ ϕ(M) of the corresponding finite matrix subgroups
holds. Another convention is to call an arbitrary formula δ(v) positive-primitive if there
is a positive-primitive formula ϕ(v) equivalent to δ(v) relative to the theory of right R-
modules. Modulo this second convention, it is easy to verify that the partially ordered set
of positive-primitive formulae in the variable v has the structure of a modular lattice L1
(cf. [9, Corollary 2.2(iii)]). For example, the infimum of the positive-primitive formulae
ϕ(v) and ψ(v) is given by the “positive-primitive” formula ϕ(v)∧ψ(v), which defines the
finite matrix subgroup ϕ(M)∩ ψ(M) gotten by taking the intersection of the finite matrix
subgroups defined by ϕ(v) and ψ(v).
Let F ⊆ L1 be a filter in the lattice L1 of positive-primitive formulae in one variable.
Thus ψ ∈ F and ψ  ϕ implies ϕ ∈ F , and if ϕ1, ϕ2 ∈ F , then ϕ1 ∧ ϕ2 ∈ F . If MR is a
right R-module, we associate to M the topological abelian group MF endowed with the
linear topology where a fundamental system of open subgroups of 0 is given by the filter
F(M) = {ϕ(M): ϕ ∈F}
of finite matrix subgroups of MR defined by formulae in F . In this topology, a subgroup
G of M is open if and only if G ⊇ ϕ(M) for some positive-primitive formula ϕ ∈F .
Example 3. Let A be a commutative noetherian ring. If I ⊆ A is an ideal, with generators
a1, . . . , an, then we abbreviate by I |v the positive-primitive formula
I |v := ∃v1, . . . , vn (v1a1 + · · · + vnan .= v)
of L(A). If M is an A-module, then the finite matrix subgroup of M defined by I |v is
usually denoted MI . Denote by FA the filter generated by the positive-primitive formulae
I |v, where R/I is artinian.
If f :MR → NR is an R-morphism, we see by Proposition 1 that for every open finite
matrix subgroup ϕ(N) of NF , the inverse image f (−1)[ϕ(N)] ⊇ ϕ(M) is open in MF , so
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is a functor from the category Mod-R to the category of topological abelian groups.
Let ϕ(v) be a positive-primitive formula, and suppose that r ∈ R. It is easy to see that
the formula ϕr(v) = ϕ(vr) is also positive-primitive. All the examples of filters F that
we will encounter in the sequel have the additional property that if ϕ ∈ F , then for every
r ∈ R, ϕr ∈F . This implies that multiplication by the element r on the abelian group MF
is continuous. For if ϕ(M) ⊆ MF is open, then [ϕ(M)]r(−1) = ϕr(M) is also open. In that
case MF is a topological right R-module. It is not necessarily linear, since we do not know
if the topology may be given by a fundamental system of open neighborhoods of 0 that
consists of right R-submodules.
If Mi, i ∈ I , are right R-modules, then it is easy to see that for every positive-primitive
formula ψ(v), we have that
ψ
(∏
i
Mi
)
=
∏
i
ψ(Mi),
and similarly for the direct sum ψ(
⊕
i Mi) =
⊕
i ψ(Mi). A fundamental system of open
neighborhoods of 0 for the topological abelian group (
∏
i Mi)F is thus given by the sub-
groups
∏
i ϕ(Mi) for ϕ ∈ F . So unless the index set I is finite or the topologies on the
(Mi)F are indiscrete, the topology on (
∏
i Mi)F will not be the product topology induced
by the topologies on the (Mi)F . If I is a finite index set, then
⊕
i Mi =
∏
i Mi and the
subgroups ϕ(
∏
i Mi) = ϕ(
∏
i Mi), ϕ ∈ F , do indeed give a fundamental system of open
neighborhoods of 0 for the direct product
∏
i Mi , endowed with the product or box topolo-
gies.
Definition. We say that the topology on MF is a finite matrix topology if every finite matrix
subgroup ψ(M) of MR is closed in MF . Equivalently (cf. [4, Lemma VIII. 1.1]), ψ(M) is
an intersection of open finite matrix subgroups. We may thus write
ψ(M) =
⋂{
ϕ(M): ϕ ∈F , ϕ ψ}= ⋂
ϕ∈F
(ϕ +ψ)(M).
If F ⊆ L1 is a filter and MR is a right R-module, then the topological abelian group MF
is Hausdorff if and only if
⋂
ϕ∈F
ϕ(M)= 0.
If the topology on MF is a finite matrix topology, then, because 0 is the finite matrix
subgroup of MR defined by the positive-primitive formula v
.= 0, the equality above holds,
and MF is a Hausdorff group. More generally, if ψ(M) is a finite matrix subgroup of M ,
and the topology on MF is a finite matrix topology, then the quotient group M/ψ(M)
endowed with the quotient topology is also Hausdorff.
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gies on (Mi)F are finite matrix topologies. Then the topology on (
∏
i Mi)F is a finite
matrix topology.
Proof. Let ψ(
∏
i Mi) be a finite matrix subgroup of
∏
i Mi . We need to show that the
inclusion
ψ
(∏
i
Mi
)
⊆
⋂
ϕ∈F
(ψ + ϕ)
(∏
i
Mi
)
is an equality. So suppose we are given a sequence (mi)i∈I such that for every entry mi and
ϕ ∈ F ,mi belongs to the finite matrix subgroup (ψ + ϕ)(Mi). By the hypothesis on Mi ,
the element mi belongs to ψ(Mi). But then (mi)i∈I ∈ ψ(∏i Mi). 
Example 3 (Continued). Let M be a finitely generated A-module and F =FA. The topol-
ogy on MF is a finite matrix topology. For suppose that ψ(M) is a finite matrix subgroup of
MA. Because A is commutative, ψ(M) is an A-submodule of M . We will show that ψ(M)
is the intersection of open finite matrix subgroups. Let a ∈ M be such that a /∈ ψ(M).
By Zorn’s Lemma, there is an A-submodule of M , N ⊇ ψ(M), maximal with respect to
the condition that a /∈ N . By [5, Theorem 8.11], the factor module M/N is artinian. The
annihilator I = annA(M/N) is an ideal for which A/I is artinian. Thus MI ⊆ N , and
hence ψ(M)+MI ⊆ N does not contain a. But the positive-primitive formula ψ(v)+ I |v
belongs to the filter F .
Given an inclusion MR ⊆ NR of right R-modules, we say that MR is a pure submod-
ule of NR , or that NR is a pure extension of MR , if for every positive-primitive formula
ϕ(v1, . . . , vn) in n variables,
ϕ(N) ∩Mn = ϕ(M). (1)
Specializing to the case of positive-primitive formulae in one free variable yields the fol-
lowing observation.
Proposition 5. Let F ⊆ L1 be a filter and MR a right R-module such that the topology on
MF is a finite matrix topology. If NR ⊆ MR is a pure submodule, then the topology on NF
is a finite matrix topology, and it coincides with the relative subspace topology induced
by MF .
If Mi , i ∈ I , is a collection of right R-modules, then the direct sum ⊕i Mi is a pure
submodule of the direct product
∏
i Mi . If F ⊆ L1 is a filter such that for every i ∈ I , the
topology on (Mi)F is a finite matrix topology, then Propositions 4 and 5 imply that the
topology on (
⊕
i Mi)F is also a finite matrix topology.
A right R-module NR is pure-injective if it is a direct summand in every pure extension
NR ⊆ KR . A pure-injective envelope of a right R-module MR is a pure-injective pure
extension MR ⊆ NR such that:
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morphism f :NR → KR fixing M pointwise.
(ii) Any endomorphism f :NR → NR that fixes M pointwise is an isomorphism.
The existence of pure-injective envelopes has been proved using various methods by
Kiełpin´ski, Warfield, and Ziegler [8,11,13]. Item (ii) in the definition of a pure-injective
envelope of MR ensures that it is unique up to isomorphism over M . This justifies the
notation MR ⊆ PE(MR) for the pure-injective envelope of MR .
Lemma 6. Let MR be a right R-module and ψ a positive-primitive formula in one variable.
If a ∈ PE(M) \ ψ[PE(M)], then there are a positive-primitive formula σ  ψ such that
a /∈ σ [PE(M)], and an m ∈ M such that
m ≡ a (mod σ [PE(M)]).
Proof. By [9, Corollary 4.17], there are a positive-primitive formula τ (v,w1, . . . ,wn) in
several free variables and elements m1, . . . ,mn ∈ M such that
PE(M) |= τ (a,m1, . . . ,mn)∧ ∀v
[
τ (v,m1, . . . ,mn) → ¬ψ(v)
]
. (2)
We will prove that the positive-primitive formula
σ(v) := τ (v,0, . . . ,0)+ψ(v)
satisfies the conclusion of the lemma. Since MR is a pure submodule of PE(MR), there is an
element m ∈ M such that M |= τ (m,m1, . . . ,mn), and hence PE(M) |= τ (m,m1, . . . ,mn).
Subtraction gives that
PE(M) |= τ (m− a,0, . . . ,0),
which implies PE(M) |= σ(m− a). In other words, m ≡ a (mod σ [PE(M)]).
If a belonged to σ [PE(M)], then we could find a1, a2 ∈ PE(M) such that a = a1 + a2
where PE(M) |= τ (a1,0, . . . ,0) and a2 ∈ ψ[PE(M)]. Addition gives that PE(M) |= τ (m−
a2,0, . . . ,0); subtraction yields PE(M) |= τ (a2,m1, . . . ,mn). But then the implication in
(2) would force the contradiction that PE(M) |= ¬ψ(a2). 
Theorem 7. Let F ⊆ L1 be a filter. The following are equivalent for a right R-module MR :
(i) The topology on MF is a finite matrix topology.
(ii) The topology on [PE(M)]F is a finite matrix topology.
(iii) The topology on [PE(M)]F is Hausdorff.
Proof. (i) ⇒ (ii). Let ψ[PE(M)] be a finite matrix subgroup of PE(M) and suppose
a /∈ ψ[PE(M)]. We need to find an open subgroup τ [PE(M)] ⊇ ψ[PE(M)] such that
a /∈ τ [PE(M)]. By Lemma 6, there are σ  ψ and m ∈ M such that a /∈ σ [PE(M)] and
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topology, there is an open τ (M) ⊇ σ(M) such that m /∈ τ (M). We may take τ ∈ F and
it is clear that the congruence m ≡ a (mod τ [PE(M)]) holds. Now τ [PE(M)] is an open
subgroup of [PE(M)]F , and since MR is a pure submodule of PE(M), m /∈ τ [PE(M)],
whence a /∈ τ [PE(M)].
(ii) ⇒ (iii). Immediate, since 0 is a finite matrix subgroup.
(iii) ⇒ (i). Let ψ(v) be a positive-primitive formula. We need to prove that the finite
matrix subgroup ψ(M) is closed in MF . So let a ∈ M be in the closure of ψ(M). For every
ϕ ∈F , the open neighborhood a + ϕ(M) intersects ψ(M) nontrivially. Thus the formula
ϕ(x − a)∧ψ(x)
is satisfiable in MR . As F is a filter, this collection of formulae, as ϕ ranges over F , is
finitely satisfiable. By [11, Theorem 3.1], it has a simultaneous realization b ∈ PE(M),
PE(M) |= ϕ(b − a)∧ ψ(b).
As PE(M)F is Hausdorff, b = a, and since MR is pure in PE(M), we get that a ∈
ψ(M). 
Corollary 8. Let F ⊆ L1 be a filter and MR a pure-injective right R-module. The topology
on MF is a finite matrix topology if and only if it is Hausdorff.
A similar argument may be applied to prove the following corollary.
Corollary 9. Let n be a natural number, MR a right R-module and F ⊆ L1 a filter. If the
topology on MF is a finite matrix topology, then every n-ary finite matrix subgroup of MR
is closed in the space (MF )n, endowed with the product topology.
Proof. Let ψ(v1 . . . , vn) be a positive-primitive formula in n free variables, and con-
sider the corresponding n-ary finite matrix subgroup ψ(M) ⊆ Mn. Let a = (a1, . . . , an) ∈
(MF )n be in the closure of ψ(M). Equivalently, for every ϕ ∈F ,
(
a + [ϕ(M)]n)∩ ψ(M) = 0.
In other words, for every ϕ ∈F , the formula
ψ(v1, . . . , vn)∧
n∧
i=1
ϕ(ai − vi)
is satisfiable in MR . By [11, Theorem 3.1], there are bi ∈ PE(M), 1 i  n, that simultane-
ously satisfy this collection of formulae, as ϕ ranges overF . Since [PE(M)]F is Hausdorff,
bi = ai for every 1  i  n. Thus PE(M) |= ψ(a), and since MR is a pure submodule of
PE(M), we get that a ∈ ψ(M). 
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on MF is a finite matrix topology, and MF is a dense subspace of [PE(M)]F .
If ϕ ∈ L1, then because MR is a pure submodule of PE(M), the map
ιϕ(M) :M/ϕ(M)→ PE(M)/ϕ
[
PE(M)
]
defined by m + ϕ(M) → m + ϕ[PE(M)] is a monomorphism of abelian groups. If MR is
F -dense and ϕ ∈F , then the morphism ιϕ(M) is also an epimorphism. For if a ∈ PE(M),
then the open neighborhood a + ϕ[PE(M)] meets M . If m ∈ a + ϕ[PE(M)], then a +
ϕ[PE(M)] = m+ ϕ[PE(M)]. The converse is also clear, which leads to the following.
Proposition 10. Let F ⊆ L1 be a filter and MR a right R-module for which the topology
on MF is a finite matrix topology. Then MR is F -dense if and only if the morphism ιϕ(M)
is an isomorphism for every ϕ ∈ F . If Mi , i ∈ I , is a collection of right R-modules all of
which are F -dense, then so is the product∏i Mi .
Proof. We apply the first assertion to verify the second. First, note that the topol-
ogy on (
∏
i Mi)F is a finite matrix topology by Proposition 4. The isomorphisms
ιϕ(Mi) :Mi/ϕ(Mi) → PE(Mi)/ϕ(PE(Mi)) induce an isomorphism
∏
i
ιϕ(Mi) :
∏
i
Mi/ϕ(Mi) →
∏
i
PE(Mi)/ϕ
(
PE(Mi)
)
.
The domain is isomorphic to (
∏
i Mi)/ϕ(
∏
i Mi) and codomain to (
∏
i PE(Mi))/
ϕ[∏i PE(Mi)]. Now the product ∏i PE(Mi) of pure-injective modules is pure-injective,
so the pure-injective envelope of ∏i Mi embeds as a direct summand of ∏i PE(Mi), con-
taining
∏
i Mi as a pure submodule. This implies that the morphism of abelian groups
ιϕ
(∏
i
Mi
)
:
(∏
i
Mi
)/
ϕ
(∏
i
Mi
)
→ PE
(∏
i
Mi
)/
ϕ
[
PE
(∏
i
Mi
)]
is also surjective. 
If MR is F -dense, then the factor groups M/ϕ(M) for ϕ ∈ F , form an inverse system
with the natural quotient maps as the structural morphisms. For every such ϕ, there is a
quotient map pϕ : PE(M) → PE(M)/ϕ[PE(M)] ∼= M/ϕ(M). By the universal property of
the projective limit, this induces a morphism
p : PE(M) → lim←−M/ϕ(M),
where the projective limit is indexed by ϕ ∈F .
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morphism
p : PE(MR) → lim←−M/ϕ(M)
is an isomorphism.
Proof. The kernel of p is the intersection
⋂
ϕ[PE(M)] of all open finite matrix subgroups.
Since PE(M)F is Hausdorff, this intersection is trivial, and the morphism p is a monomor-
phism. To prove that p is an epimorphism, represent an element m of the projective limit
by a coherent sequence mϕ + ϕ(M), ϕ ∈F . The collection of formulae
{
ϕ(v −mϕ): ϕ ∈F
}
is then finitely satisfiable in MR . By [11, Theorem 3.1], the collection has a simultaneous
realization a ∈ PE(M). Then p(a) = m. 
It may also be checked that the isomorphism between the pure-injective envelope
PE(M) and the projective limit over the quotients M/ϕ(M), ϕ ∈F , respects the topologi-
cal structure on PE(M)F and the canonical topological structure [3, Lemma 1.3] enjoyed
by the projective limit.
If MR is F -dense for some filter F , it is natural to enquire whether R-morphisms with
domain PE(M) are determined by their restrictions to MR . The following theorem asserts
that this is the case when the codomain NF is Hausdorff.
Theorem 12. Let F ⊆ L1 be a filter and suppose that MR and NR two right R-modules
such that MR is F -dense and the topology on NF is Hausdorff. Then
HomR
([
PE(M)
]
/M,NR
)= 0.
Proof. Suppose that an R-morphism f : PE(M) → NR is nonzero. Let a ∈ PE(M) be
such that f (a) = 0. As NF is Hausdorff, there is a positive-primitive formula ϕ ∈F such
that f (a) /∈ ϕ(N). Thus a /∈ ϕ(PE(M)). Since M is F -dense, there is an m ∈ M such
that m− a ∈ ϕ(PE(M)). Then f (m)− f (a) ∈ ϕ(N), which implies f (m) /∈ ϕ(N) and, in
particular, f (m) = 0. 
Corollary 13. Let F ⊆ L1 be a filter and denote by DF ⊆ Mod-R the subcategory of F -
dense right R-modules. The pure injective envelope MR → PE(MR) is functorial on DF .
Proof. Suppose that f : M → N is a morphism in DF . Expanding the codomain of f to
PE(N) allows us to extend f to a function PE(f ) : PE(M) → PE(N). This extension is
unique, because if there were two such extensions, their difference would induce a nonzero
morphism from [PE(M)]/M to PE(N). As PE(N)F is Hausdorff, this would contradict
Theorem 12. 
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which it is F -dense. If MR is pure-injective, then we may take F = L1 to be the filter of
all positive-primitive formulae. The topology on MF is a finite matrix topology and MR is
F -dense. Thus every pure-injective right R-module is almost pure-injective. Theorem 12
has the following consequence for almost pure-injective modules.
Corollary 14. Let MR be almost pure-injective. Then HomR([PE(M)]/M,PE(M)) = 0.
Proof. There is a filter F ⊆ L1 for which MR is F -dense. Then [PE(M)]F is Hausdorff
and the equation is a special case of the theorem with NR = PE(M). 
In many cases, a module MR is almost pure-injective because it satisfies the following
criterion.
Lemma 15. Let F ⊆ L1 be a filter and MR a right R-module for which the topology on
MF is a finite matrix topology. Suppose that for every ϕ ∈ F , every descending chain of
finite matrix subgroups
M = ϕ0(M) ⊇ ϕ1(M) ⊇ · · · ⊇ ϕn(M) ⊇ · · · ⊇ ϕ(M)
is stationary. Then MR is F -dense.
Proof. First note that because the pure-injective envelope is an elementary extension,
then for every ϕ ∈ F , every descending chain of finite matrix subgroups of PE(M) that
contain ϕ[PE(M)] will also be stationary. So let ϕ ∈ F and suppose that the monomor-
phism ιϕ(M) : M/ϕ(M) → PE(M)/ϕ[PE(M)] of abelian groups is not an epimorphism.
Pick a ∈ PE(M) for which there is no m ∈ M such that m ≡ a (mod ϕ[PE(M)]). Let
ψ[PE(M)] ϕ[PE(M)] be a finite matrix subgroup minimal with respect to the property
that there exists an m ∈ M such that m ≡ a (mod ψ[PE(M)]). Note that ψ[PE(M)] is the
minimum such finite matrix subgroup. For if σ [PE(M)]  [PE(M)] were another, there
would be an element m′ ∈ M such that PE(M) |= σ(a −m′). Thus
PE(M) |= ∃v(ψ(v −m)∧ σ(v −m′)).
As MR is a pure submodule of PE(MR), there is a witness m′′ ∈ M to this sentence. Then
a ≡ m′′ (mod (ψ ∧ σ)(PE(M))),
and therefore σ [PE(M)] ⊇ ψ[PE(M)], by the choice of ψ[PE(M)].
Let us apply Lemma 6 to the element a − m ∈ ψ[PE(M)]. We have that a − m /∈
ϕ[PE(M)], so that there are a finite matrix subgroup σ [PE(M)] ⊇ ϕ[PE(M)] and m′ ∈ M
such that a −m /∈ σ [PE(M)], and a −m−m′ ∈ σ [PE(M)]. By choice of ψ , we have that
σ [PE(M)] ⊇ ψ[PE(M)]. Since a −m /∈ ψ[PE(M)], this is a contradiction. 
Lemma 15 applies to several cases.
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erated by the positive-primitive formulae I |v, where A/I is artinian, then MA is F -dense.
For if ϕ ∈ F , then there is an I with A/I artinian such that I |v  ϕ. Thus ϕ(M) ⊇ MI .
Now M/MI is a finitely generated module over the quotient ring A/I so it must have
finite length as an A-module as well. Since A is a commutative ring, every finite matrix
subgroup of MA is a submodule, so there could be no properly descending chains of finite
matrix subgroups above ϕ(M).
Example 16 (cf. [1]). Let k be an algebraically closed field of characteristic zero, and
k[H ] the polynomial ring over k in one variable H . Given an automorphism σ : k[H ] →
k[H ] and a polynomial a(H) ∈ k[H ], one defines the Generalized Weyl Algebra W as
the k-algebra generated by noncommuting variables X, Y , and H satisfying the relations
XY = σ(a), YX = a(H) and for every b(H) ∈ k[H ], bY = Yσ(b) and bX = Xσ−1(b).
We will always take σ(H) = H − 1. In that case W is a left and right Ore domain with
field of fractions Q and we take F =FW to consist of all positive-primitive formulae ϕ in
L(W) for which ϕ(QW) = Q.
Let us show that every finite length module MW over W is F -dense. By Proposition 10,
we may assume that MW is indecomposable. By the proof of [10, Lemma 3.3], every
formula ϕ ∈ F defines in M a finite matrix subgroup ϕ(M) such that M/ϕ(M) is finite
dimensional over k. If we show that the topology on MF is a finite matrix topology,
then MW will be F -dense. To that end, let us use Theorem 7 and prove that PE(M)F
is Hausdorff. As MW is an indecomposable module of finite length, it has a local endo-
morphism ring, and so the pure-injective envelope PE(M) is indecomposable [7, p. 157].
If [PE(M)]F were not Hausdorff, there would be a nonzero element d ∈ PE(M) that be-
longed to every finite matrix subgroup ϕ(M) defined by a positive-primitive formula for
which ϕ(Q) = Q. By [11, Corollary 3.3(1)], there would be a nonzero morphism of right
W -modules f : Q → PE(M). Now MW is the torsion submodule of PE(M) [10, Proposi-
tion 3.5]. If N = M ∩ Imf = 0, then NW is the torsion submodule of the divisible module
Imf . It is therefore itself divisible. By [10, Lemma 3.1], no nonzero module right W -mo-
dule of finite length is divisible. Thus M ∩ Imf = 0 and Imf is a torsion-free divisible
right W -module. It is therefore a right vector space over Q. Such a module is injective,
and if it were nonzero, it would force the contradiction PE(M) = Q, since PE(M)W is
indecomposable.
Suppose that R is almost pure-injective as a right module over itself and let a ∈ PE(R).
There is a morphism λ′a : RR → PE(R) determined by λ′(1) = a. As PE(R) is pure-
injective, and RR is a pure submodule of PE(RR), the morphism λ′a extends to a morphism
λa : PE(RR) → PE(RR). By Corollary 14, λa is the unique endomorphism of PE(RR) ex-
tending λ′a . Thus λa ∈ EndR[PE(RR)] is the unique endomorphism f such that f (1) = a.
It is easy to verify that the function λ : a → λa is a ring homomorphism from R to
EndR[PE(RR)].
More generally, Corollary 14 implies that every endomorphism f ∈ EndR[PE(RR)] is
determined by the value f (1). We therefore get a monomorphism of right R-modules
I. Herzog / Journal of Algebra 282 (2004) 157–171 169Ev1 : EndR[PE(R)] → PE(R) defined by f → f (1). The relationship between λ and Ev1
is described by the following commutative diagram:
R
λ EndR
[
PE(R)
]
Ev1
End(RR),
where the diagonal arrow represents the pure-injective envelope of RR .
Theorem 17. If RR is almost pure-injective, then PE(RR) may be endowed with the struc-
ture of a ring extending that of R.
Proof. The only thing left to be checked is that Ev1 is an epimorphism. But if a ∈ PE(R),
then there is a morphism λa : PE(R) → PE(R) of right R-modules, determined by λa(1) =
a. Consequently, Ev1(λa) = λa(1) = a. 
The proof of Theorem 17 seems to indicate that when RR is almost pure-injective,
then the ring extension PE(RR) is the pure variation of the ring of fractions of a right
nonsingular ring (cf. [5, Proposition 4.26]).
Example 18. A domain R is said to be of left Krull dimension 1 if it is not a field, and for
every descending chain of left ideals
R ⊇ I0 ⊇ I1 ⊇ I2 ⊇ · · · ⊇ In ⊇ · · · ,
there is a natural number k such that for all n  k, the quotient In/In+1 is artinian. Such
a ring has the property that whenever I is a nonzero left ideal, then R/I is an artinian left
R-module. This feature of R implies that it is a left Ore domain. By [1, Theorem 2.1], a
Generalized Weyl Algebra W for which σ(H) = H − 1 is a domain of Krull dimension
one (on both sides).
Let F be the filter of all positive-primitive formulae ϕ in L(R) for which ϕ(RR) = 0.
This is indeed a filter, because every finite matrix subgroup of RR is a left ideal of R,
and R is a left Ore domain. It follows from the definition that for every ϕ ∈ F , there are
no proper descending chains of finite matrix subgroups of RR above ϕ(RR). Thus RR is
F -dense, and because the class of F -dense modules is closed under finite direct sums and
pure submodules, every finitely generated projective module is also F -dense.
Example 19. Bavula [1, Theorem 5] proved that a Generalized Weyl Algebra W with
σ(H) = H − 1 is hereditary if and only if every orbit of W contains at most one root of
a(H) and every root of a(H) is simple. This class of rings includes the First Weyl Algebra
A1(k) (where a(H)= H ). If the GWA W is hereditary, then every finitely generated right
W -module is a direct sum of a finitely generated projective right W -module and a finite
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finitely generated right W -module is FW -dense.
Example 20. Suppose that R is a right noetherian left FBN ring (cf. [5, Chapter 8]) and
as in Example 3, let F be the filter of positive-primitive formulae generated by those of
the form I |v where I is a two-sided ideal such that R/I is artinian on one side. By [5,
Theorem 7.10], this occurs if and only if R/I is artinian on both sides. The topology
on RF is a finite matrix topology, for if ψ(v) is a positive-primitive formula, then ψ(R)
is a left ideal of R. If r ∈ R does not belong to ψ(R), use Zorn’s Lemma to get a left
ideal RK ⊇ ψ(R) maximal with respect to the property that r /∈ K . Then R/K is a finitely
generated left R-module, with an essential and simple socle. By [5, Theorem 8.11], R/K is
an artinian left R-module, and by [5, Corollary 8.10] the two-sided ideal I = annR(R/K)
is such that R/I is artinian. Thus K ⊇ I = ϕ(R), where ϕ(v) = I |v. It follows that (ϕ +
ψ)(R) ⊆ K is an open finite matrix subgroup not containing a ∈ R.
Example 21. Let V be a valuation ring. Thus V is a commutative ring whose lattice of
ideals is totally ordered. Let F = FV be the filter of all positive-primitive formulae ϕ for
which ϕ(V ) = 0. Then every nonzero finite matrix subgroup of V is closed in VF . To en-
sure that 0 also be closed, we must insist that soc(V ) = 0. This is a sufficient and necessary
condition for the topology on VF to be a finite matrix topology. The valuation ring V is
called almost maximal (cf. [4, p. 300]) if given a collection {N : i ∈ I } of submodules of V
such that
⋂
i∈I
Ni = 0,
then every collection of cosets {ni + Ni : i ∈ I } in V with the finite intersection property
has a nontrivial intersection.
Let us verify that if V is an almost maximal valuation ring with soc(V ) = 0, then VV
is F -dense. Suppose that ϕ(V ) is a nonzero finite matrix subgroup, and a ∈ PE(V ). We
aim to find an element m ∈ V for which a − m ∈ ϕ[PE(V )]. Consider the filter G of all
positive-primitive formulae ψ for which there is an mψ ∈ V such that a−mψ ∈ ψ[PE(V )].
If ϕ ∈ G, then we are done. Since VV is an elementary substructure of PE(VV ) and the
collection of cosets mψ + ψ[PE(V )], ψ ∈ G, has the finite intersection property, so too
does the collection mψ + ψ(V ), ψ ∈ G. If ϕ /∈ G, then the intersection ⋂ψ∈G ψ(V ) is
nonzero. Because V is almost maximal, there is an element mG in V that belongs to all the
cosets mψ +ψ(V ).
Let us apply Lemma 6 to the element a − mG . As it does not belong to ϕ[PE(V )],
there are a positive-primitive formula σ and mσ ∈ V such that a −mG −mσ ∈ σ [PE(V )],
and a − mG /∈ σ [PE(V )]. By the definition of G, the latter implies that σ /∈ G, while the
former implies that σ ∈ G. The contradiction implies that ϕ ∈ G, and that the canonical
monomorphism ιϕ(V ) :V/ϕ(V ) → PE(V )/ϕ[PE(V )] is an epimorphism.
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